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Investment: Introducing AIRR to the Real

Estate Community

Executive Summary. The internal rate of return (IRR)
is used extensively in the real estate sector. Unfortu-
nately, the IRR calculation itself assumes interim in-
vestment values that are mechanically generated by the
IRR equation itself and will almost surely differ from the
true interim values of the project under consideration. To
the extent that these values differ, the IRR result will not
be an accurate rate of return. Furthermore, from an ex
post, i.e., performance reporting standpoint, such values
implied by the IRR will almost certainly contradict any
estimated project values being used for time-weighted
rate of return (TWR) purposes. A new metric called Av-
erage IRR (AIRR) produces a correct money-weighted
rate of return (MWR) for a project. Furthermore, AIRR
has none of the other problems that the IRR has (e.g., it
always exists and is unique), and it appropriately ac-
counts for the amounts actually invested over the course
of the investment.
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Discounted cash flow (DCF) methodology plays a
major role in the real estate arena, and is used by
both academics and practitioners. Its use is com-
monplace, both in regard to ex ante investment
decision-making, as well as ex post investment
evaluation (the latter is commonly referred to as
“performance measurement”). The two main ele-
ments of DCF methodology are the sister functions
of net present value (NPV) and internal rate of re-
turn (IRR), where the IRR is the rate of return that
sets the NPV to zero.

The NPV is favored among academics. Yung and
Sherman (1995, p. 18) state “For abstruse reasons
that are beyond the scope of this article, college
professors prefer NPV analysis over IRR analysis.
But all surveys indicate that lenders find it more
appealing to analyze potential investments in
terms of percentage rates of return than by com-
paring dollars of NPV.”

Moreover, non-lender practitioners also, by far,
prefer to focus on the IRR (Gitman and Forrester,
1977; Stanley and Block, 1984; Boyd, MacGillivray,
and Schwartz, 1995; Farragher and Kleiman, 1996;
Burns and Walker, 1997). No doubt, practitioners
find the notion of a rate of return more intuitively
compelling than the notion of the value being
added for the investor (Evans and Forbes, 1993).
Therefore, even when economic profitability might
be better obtained in the form of a present value
analysis, it is the IRR that is far more often fa-
vored. Even more so in the real estate arena, the
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IRR holds a sacred position with regard to deci-
sions about acquisition, as well as choices between
mutually exclusive investments. The IRR also pre-
dominates in terms of determining performance-
based fees for real estate funds and ventures (Ca-
rey, 2003; Altshuler and Schneiderman, 2011), and
even has a larger role in performance measure-
ment and attribution (Geltner, 2003) than is
commonly seen with other asset classes, where
time-weighted rate of return methods tend to pre-
dominate more.

Since the era of its creation by Fisher (1930),
Boulding (1935), and Keynes (1936), a considerable
body of literature has been devoted to the IRR and
to its biases in economic theory, business finance,
management science, and engineering economy
[see Magni (2010) for a recent review]. Even within
the literature of real estate, an asset class that, in
this regard, is less rigorous than other asset clas-
ses (Jaffe, 1977), the IRR has not managed to es-
cape the scrutiny of scholars unscathed. Brown
(2006) addressed several problems of the IRR: the
multiple IRR solution problem, the ranking prob-
lem, the investment scale problem, and the simu-
lation problem (Jensen’s inequality). The meaning
of the IRR and its alleged reinvestment assump-
tion was explored by Spies (1983), who interpreted
the IRR as a period rate applied to the internal
capital amounts invested in the project, thereby
clarifying that the IRR is earned on the capital em-
ployed in the asset, a point that was also suggested
some years earlier by Akerson (1976) and, more
recently, again by Crean (2005). Colwell (1995) ad-
dressed the multiple IRR problem and distin-
guished between relevant and irrelevant IRRs.
Chang and Owens (1999), Sherman and Walters
(1997), and Messner and Findlay (1975), the last
article notwithstanding a critique by Young (1979),
suggested a modification of the IRR to circumvent
its flaws.!

Less acknowledged, in the world of real estate in-
vestment, is the manner in which IRR results are
cited without recognition of an appropriate bench-
mark (i.e., a cost of capital). “Our results show that
the IRR is a powerful tool for measuring the
expected return and examining its variations”
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(Fisher and Goetzmann, 2005, p. 44), yet it is note-
worthy that the authors do highlight the need for
a benchmark return to confront the IRR with.
Marrs and Tomlinson (2005) also supported the
use of the IRR as opposed to the time-weighted
rate of return (TWR), but then warned that the use
of the IRR should not abstract from the explicit
determination of the investor’s cost of capital.
“IRRs should never be used, whether in evaluating
the performance of an investment or an invest-
ment’s manager, without an appropriate under-
standing of an investor’s cost of capital” (p. 6).

The cost of capital is the minimum required return
and its determination is important to assess the
economic profitability of an investment, whatever
the purpose of the analysis (Riggs and Harms,
2000; Geltner, 2003; Breidenbach, Mueller, and
Schulte, 2006; Liapis, Christofakis, and Papachar-
alampous, 2011). Indeed, the proliferation of IRR
statistics, unaccompanied by appropriately risk-
adjusted benchmarks, is a sad legacy of real estate
performance reporting to date. A money-weighted
rate of return metric that explicitly requires a de-
termination of the cost of capital would seem to be
a good idea.

Nevertheless, the IRR reigns supreme as the pre-
eminent tool utilized in the arena of real estate
investment decisions. And it would seem that
things have only gotten better for IRR proponents
recently. Specifically, the past decade has wit-
nessed a pretty remarkable advance in research
dispelling one of the alleged deficiencies of the IRR,
an advance that has passed unnoticed even by
most real estate scholars, not to mention practi-
tioners. In particular, Hazen (2003) made use of
the not-so-well-known fact that the IRR equation
itself assumes a sequence of interim values for the
project that the IRR is earned on. Hazen showed
that this sequence of values, in turn, uniquely de-
termines the overall capital invested in the project.
In this way, he was able to show that, when a cash
flow sequence produces multiple IRR solutions,
each solution is reconcilable with the others, as it
is earned on a different set of interim values for
the project (and, therefore, on a different overall
capital amount). Specifically, by multiplying the
overall implied capital by the spread between the
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IRR and the cost of capital, one obtains the exact
same NPV result, no matter which of the multiple
IRR solutions is used.

Although this finding is impressive and could win
over some IRR skeptics, the requisite analysis un-
derscores an “inconvenient truth” about the IRR,
one that seems to have gone largely overlooked for
decades by scholars and practitioners. And it is
that the IRR ‘internally’ devises its own implied
sequence of interim project values upon which it is
a rate of return and, therefore, ‘automatically’ de-
termines the overall implied capital that it ‘be-
lieves’ is invested in a project.

However, simple logic would seem to dictate that,
if the IRR is to be a valid rate of return for a proj-
ect, then the IRR’s ‘internally’ implied values must
be accurate estimates of the true interim values of
that project. In what follows, we argue that they
will not be; they are arbitrary estimates of value.
We introduce a new metric named Average IRR
(AIRR) that solves this problem, not to mention
virtually all of the other problems of the IRR. The
AIRR, introduced in Magni (2010), can be used for
both ex ante and ex post evaluation, just like the
IRR, but, unlike the IRR, it does not require solv-
ing a complex polynomial equation, for it is based
on the simple notion that the rate of return of an
investment is just what it is supposed to be: the
ratio of the return obtained by the asset to the
overall capital invested into it. Equivalently, AIRR
can be viewed as the mean of holding period rates
of return weighted by the present value of the in-
terim amounts invested.

The structure of this paper is as follows. The first
section briefly describes Hazen’s (2003) answer to
the multiple IRR problem, but then proceeds to de-
tail how the solution to the multiple IRR problem
inadvertently exposes the IRR’s link to an implicit
overall capital that has nothing to do with the ac-
tual capital still invested in the asset. The second
section introduces the AIRR, which overcomes this
problem by allowing the use of interim values that
are deliberately estimated. Finally, the third sec-
tion includes some concluding remarks addressing
the relative merits of the AIRR as compared to the
IRR. Most of the equations and examples are in
the appendices.

For Better and For Worse:
Implications of the Last Decade’s
Research on the IRR

The NPV is almost universally considered the
“gold standard” in determining whether an invest-
ment is worth undertaking. Finance theorists, and
even a handful of practitioners, have long espoused
that the IRR suffers from several flaws, among
which are its inconsistency with NPV for accept/
reject decisions, as well as its project rankings. In
particular, when the IRR produces multiple solu-
tions, the solutions are irreconcilable. Although we
believe that multiple IRR solutions occur much
more frequently in theory than in real estate prac-
tice, nevertheless, this has been one of the con-
ceptual roadblocks for IRR as a reliable money-
weighted rate of return.

The Good News

As it turns out, the multiple IRR issue is not prob-
lematic any longer, as a result of research con-
ducted in the last decade (Hazen, 2003). However,
it is not clear that many real estate scholars and
IRR users are aware of this, since it can take a long
time for important scholarly research to find its
way into the mainstream of investing practice.

Specifically, in the referenced article, Hazen inves-
tigated cash flow streams that have multiple IRR
solutions.? For each solution, he derived what we
will call the “implied sequence of interim project
values,” which are the period-by-period undis-
tributed remaining amounts still invested in the
project; such sequence determines the overall cap-
ital invested in the project (the present value of the
sequence of interim project values) and the IRR
simply represents the rate of return on such over-
all capital.?

Although the existence of an implied sequence of
interim project values may seem superfluous, it is
fundamental to the very definition of the IRR. The
IRR was first devised (and named “internal”) by
Boulding (1935),* who began his derivation with
such a sequence of interim values, generated by
assuming that returns are generated at a constant
rate: the IRR itself. Details of his derivation are
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provided in Appendix 1 (see equations (A.1)—(A.3)
for the algebraic relationship between rate of re-
turn and implied interim project values).

Real estate appraiser Charlie Akerson introduced
the implied interim value concept to real estate
practitioners in a treatise on the IRR (Akerson,
1976). In particular, he demonstrated the tech-
nique for computing the sequence of interim proj-
ect values implied by the IRR by making a savings
account analogy for the IRR where the implied
project values are simply the ending balances, each
period, of the savings account (the initial project
value is merely the amount of the initial contri-
bution). That value is then grown at the IRR rate
and, to that result, is subtracted the subsequent
period’s net distribution (so a contribution is, in
effect, added), which produces the next period’s be-
ginning project value. The process repeats itself
until the last period where, by definition of IRR,
the ending project value must and will end up at
zero. This is the same procedure that was intro-
duced by Boulding (1935), although expressed in
less formal terms. This procedure was essentially
repeated in later years by both Spies (1983) and
Crean (2005).

Using this same methodology, but applying it to
cash flow sequences that have multiple IRR solu-
tions, Hazen’s (2003) analysis necessarily produced
a different sequence of interim project values for
each of the IRR solutions computed in his exam-
ples. In this manner, he underscored the fact that
each IRR solution is a “rate of return” only in ref-
erence to a companion sequence of interim project
values that each IRR solution itself produces.
Hazen thereby rightfully argued that the differ-
ences among multiple IRR solutions, when they ex-
ist, are perfectly reconcilable (i.e., each IRR solu-
tion is a distinct rate of return applying to a
distinct sequence of interim project values).

Further, Hazen (2003) cleverly noticed that any
one IRR solution may be used for making accept/
reject decisions, by checking whether the overall
capital’s NPV is positive or negative: if it is posi-
tive, then the IRR is a rate of earnings (i.e., the
project is a ‘net investment’) and the project is prof-
itable if and only if the IRR exceeds the cost of
capital; however, if it is negative, then the IRR is a
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rate of cost (i.e., the project is a ‘net borrowing’)
and the project is profitable if and only if the IRR
is smaller than the COC. In such a way, multiple
IRRs and NPV are reconciled [see Hazen (2003) for
details].

The Not So Good News

On face value, the news that the IRR is devoid of
this critical flaw is exciting. Nevertheless, at least
from our vantage point, any excitement is more
than offset by the realization of an ‘inconvenient
truth,” which is that we are still left to ponder the
most basic of questions: “Which of the IRR solu-
tions is appropriate/correct for a project?” It seems
that the answer is “almost surely, none of them”
for the following reason: the IRR is a meaningful
rate of return only if the sequence of true (i.e., mar-
ketplace) interim values of a project actually
equals the specific sequence of interim values im-
plied by the IRR calculation. The likelihood that
such is the case is virtually nil—and if it did occur,
it would be a result of mere happenstance. Simply
put, the IRR ‘internally’ derives its own sequence
of interim project values upon which it is a valid
rate of return. However, there is no good reason to
conclude that these internally-derived values re-
flect the reality of how the project’s value actually
grows, and/or declines, over time. This conclusion,
although inadvertently prompted by an analysis of
a cash flow stream with multiple IRR solutions, is
appropriate for all cash flow streams, including
those with only a single IRR solution. In other
words: the IRR is surely the wrong rate of return
even in the single IRR solution cases that have al-
ways been considered non-problematic.

Worse yet, given that the IRR result is determined
by all of the investment’s cash flows, it follows that
any interim value implied by that IRR result is
determined, in part, by past cash flows. However,
this contradicts a fundamental investment pre-
cept: the value of an investment only depends on
future cash flows. Therefore, by definition, the IRR-
implied interim values cannot represent the true
marketplace values, for the latter only depends on
expectations, not on past cash flows (see Appendix
1). It is thus illogical to use the IRR, because its
assumed interim values, the very ones upon which
the computed IRR is earned, are contrary to fact.
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AIRR: The Remedy for the IRR’s Ills

We have argued that the interim values implied by
the IRR are poor indicators of true value. So, the
question arises as to whether there is any scenario
where the IRR’s values, and hence, the IRR result
itself, is adequate. Only two scenarios come to
mind as potential candidates. The first scenario is
when we simply have no decent estimates as to
what our project’s actual interim valuations are,
and so are willing to assume that they are equal
to the IRR function’s implied values, simply due to
lack of a viable alternative. The second scenario is
when we have some comfort that the IRR result,
while incorrect, is still probably “close enough” to
the correct rate of return for our project.

With regard to scenario 1, it seems reasonable to
suggest that any rational estimate of interim val-
ues, even if made under the most trying of circum-
stances, must produce a result that is superior to
what would be mathematically implied by the ar-
bitrary, always constant, rate of return assumption
of the IRR; the latter uses an algorithm that can
know nothing about the nuances of the investment
in question, not to mention the market that drives
it. Nevertheless, it would be a disservice to ignore
the sizable cadre of practitioners who are simply
unwilling to undertake ‘value estimation under
considerable uncertainty’; analysts who, in fact,
embrace the IRR, partly for the very reason that
it allows them to forego this difficult task. Unless
they are simply lazy, the members of this cadre
probably do not realize that there is a very
straightforward procedure (one that is the proce-
dure of favor for many analysts), which completely
automates the determination of interim values in
a market-consistent manner, one that is superior
to the IRR’s flawed approach. The procedure is,
quite simply:

® When looking forward, compute each pro-
jected interim value as the NPV of future
estimated cash flows.

® When looking backward, compute each past
interim value as the NPV of its subsequent
cash flows (recall that this first scenario as-
sumes no pre-determined, TWR-based es-
timates are available).

In each case, the discount rate should be the cost
of capital rate. See equation (6) for the algebraic
mechanics of computing NPVs.

With regard to scenario 2, justification of the use
of the IRR is problematic for the following reason.
In order to reach some comfort-level that the IRR
result is even close to the correct rate of return for
a project, one would need to compute its specific
sequence of implied interim project values and re-
view them for reasonableness. But if one is already
thinking of ‘checking’ the IRR’s implied sequence
of interim project values for reasonableness, then
this implies that there are some estimates as to
what the interim market values really are. A truly
valid rate of return metric should use those
estimates.

Fortunately, such a rate of return metric now ex-
ists. It was introduced in Magni (2010) and it can
use those aforementioned market values, or best
estimates of them, directly. The AIRR allows users
to specify what the sequence of the project’s in-
terim values is and computes a rate of return using
those specific values. Specifically, AIRR is just
that: the investment’s return for each unit of cap-
ital invested. It can be equivalently viewed as the
weighted average of the project’s periodic rates of
return, each of which is the period’s income as a
percentage of its interim values. The weights are
based on the NPVs of the interim project values,
each discounted at the cost of capital.

As a simple illustration, consider an annual cash
flow sequence of —$100, $0, +$144. The IRR of this
cash flow is undoubtedly 20%, but is that 20% fig-
ure also really the “rate of return” of the actual
underlying investment? If the project was worth
$120 after the first year, as implied by the IRR
function, then the answer is yes. Otherwise, the
project’s rate of return is something else. For ex-
ample, if the interim value is $110, the rate of re-
turn in the first year is 10% = (110 — 100)/100,
which is the return on $100 of invested capital, and
the rate of return in the second year is 30.91% =
(144 — 110)/110, which is the return on $110 of
invested capital. Therefore, the true rate of return
is summarized by an average of the two rates,
weighted by the present values of the amount in-
vested. The resulting rate, which depends on the
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cost of capital, is in general different from 20%
(e.g., closer to 21% with an 8% cost of capital).

The definition of AIRR is as follows: For a T-period
project with cash flow stream (CF,, CF, ... , CF;),
denoting with V, the true (i.e., marketplace) in-
terim project value as of time ¢ and with

I,=CF,+V,-V,_, (1)

the corresponding income, the project’s period rate
of return is:

It
Vi

(2)

i, =

and the AIRR is computed as the weighted
average:

i,.Co + i,PV(V) + + -+ + inPV(Vp )

AIRR = Cy+ PV(V) + -+ PV(Vy )

3)

where C, = —F, and PV(V,) is the present value of
the interim project value at time ¢ and the sum of
these PV(V,) terms is just the NPV of the (market-
based) interim project values. By averaging across
each period’s rate of return, AIRR makes it obvious
that ‘interim’ values matter, something that is all
too easy to forget with the IRR which, as seen, im-
plicitly devises its own interim values that it is a
rate of return on. It is worthwhile to note that
equation (3) is simply a return on capital, which is
the natural definition of a rate of return.

The mechanics of the AIRR computation are pre-
sented in Appendix 2, where more detailed exam-
ples are presented. In one example, the correct
rate of return is 22.7% versus an IRR of 20.0%. In
another example, the correct rate of return is
lower, rather than higher, than the IRR result. It
can go either way.

While the above definition makes the AIRR intui-
tive (it is a weighted average of the project’s peri-
odic rates of return), there is a computational, com-
pletely equivalent, shortcut that enables the user
to apply a simplified formula (thereby avoiding the
computation of incomes and rates of return de-
tailed in the exhibits in Appendix 2). Better still,
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this shortcut formula works even in those unlikely
instances where some of the interim project values
are zero in some period(s):

AIRR = COC

NPV of cash flows X (1 + COC)
NPV of interim investment values

(4)

[see Magni (2010, p. 160) for this formula].5

It is worth noting that the second term on the
right-hand side of (4) is an excess rate of return
and, with a simple manipulation, we get:

NPV of interim cash flows
= NPV of interim investment values
AIRR — COC (42)
1+ CoC
In such a way, one realizes that the NPV of the
investment’s cash flows is an overall excess return,
where the capital invested is the NPV of interim

investment values and (AIRR — COC) is the
‘above-normal’ rate of return.

Summary of AIRR’s Data Requirements

Owing to the equation (4) just presented, the com-
putation of AIRR is simple. AIRR requires users to
commit to: Requirement 1—specifying a cost of
capital, and Requirement 2—supplying interim in-
vestment values.

Requirement 1: Specifying a cost of capital. For ex
ante purposes, projecting going-forward rates of re-
turn of various investments without appropriate
(risk-adjusted) cost of capital thresholds is folly.
However one might hope to avoid it, when a pro-
forma results in a rate of return that seems bor-
derline, one will need to decide where to draw the
line; and that line is the cost of capital. And even
in instances when the rate of return seems very
high or very low, one must have an implicit esti-
mate of what the cost of capital is, otherwise one
could not say that the IRR is ‘high’ or ‘low’ (a rate
of return is high or low only with respect to some
implicit or explicit ‘normal’ rate of return). Also, to
assess projects with different risks, one has to nec-
essarily use different costs of capital reflecting the
risk of the project.
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For ex post purposes, the argument for having a
cost of capital may seem less clear. Indeed, some
performance reporting analysts may maintain that
a rate of return is just a statistic, devoid of any
risk given that the rate of return is being mea-
sured after the fact. However, this too is folly. How
would one compare one investment that achieved
a high IRR but was subject to a high degree of risk
to another investment that achieved a somewhat
lower IRR but was subject to a much lower degree
of risk? The answer is that one needs to have cost
of capital values, properly risk-adjusted, regard-
less of whether the application is ex ante or ex
post.

Requirement 2: Supplying interim investment val-
ues. For ex ante applications, as alluded to earlier,
for those who are unwilling to engage in explicit
estimation, they can rely on a simple ‘automatic’
procedure, which provides more economically
meaningful interim values than the IRR’s implied
values. The procedure involves computing the NPV
of future projected cash flows, discounted at the
market-based cost of capital.

This procedure is described algebraically as fol-
lows: The IRR-implied interim values, denoted by
C, (assuming a constant rate of return) are given
by:

t=1,2, ..

S CF,
C, = £ ,n—1

PR G

where i is the IRR (see Appendix 1). However, as
discussed earlier, the IRR rate is an invalid rate
for estimating interim market values, so the ap-
propriate correction is to replace the IRR with the
cost of capital so as to obtain the theoretically cor-
rect market value V;:

< CF
V, = k=

k=41 (1 + COCY
This provides all of the interim value estimates
necessary to compute the NPV result in the de-
nominator of equation (4).

For ex post applications, i.e., for performance re-
porting purposes, if one has already produced pe-
riodic interim values for purposes of computing

TWRs, then those are the values that should be
used for AIRR. The existence of such pre-
determined interim values makes the case for
AIRR all the more compelling.® In cases where one
did not produce such values, seemingly because
the investor did not require regular progress up-
dates at all, one can utilize the exact same proce-
dure as was just recommended above in the ex
ante case (i.e., one should compute the NPV of the
subsequent cash flows). In effect, one would treat
the subsequent cash flows as “future” cash flows.
For example, the appropriate estimated value in
year 8 for an asset that has produced a cash flow
of $11 in year 9 and $121 upon sale in year 10,
would be $11/(1.1) + $121/(1.12) = $10 + $100 =
$110, i.e., if the cost of capital were 10%.”

So, in sum, with cost of capital and interim values
in hand, the only thing the evaluator needs to do
is apply the simple formula in (4) above and the
result will be a new and improved MWR metric
that has none of the problems of the IRR. Specifi-
cally, there is always an easy-to-compute, closed-
form AIRR, and it is always unique, as well as con-
sistent with NPV.

Conclusion

In general, the IRR is merely the interest rate so-
lution to a NPV equation that is set equal to zero.
If the IRR is to be something more than that (i.e.,
if it is to be a true “rate of return”), then it must
necessarily be a rate of return on something (i.e.,
‘certain values’). Very few users likely understand
what those certain values are. Most simply believe
that, one way or another, the IRR magically pro-
duces a “rate of return.” As it turns out, these cer-
tain values are chosen by the IRR function itself,
hence, the “internal” descriptor in the IRR moni-
ker. But these values are unreliable, because they
are arbitrarily determined and disconnected from
market values. Indeed, the IRR is a rate of return
based on implied values that are the result of past
cash flows that should not, in any rational sense,
affect current value.

Logic seems to dictate that, if the user has better
estimates of the interim values of his or her hold-
ings, then the rate of return metric chosen should
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reflect those values, rather than using an IRR met-
ric that defaults to its own internal choices for
these interim values. Fortunately, with the crea-
tion of the AIRR metric in 2010, this is now
possible.

When computing rates of return from an ex ante
perspective, where estimations of the correct in-
terim values may be sometimes difficult, even if
the analyst is unwilling to engage in an explicit
estimation procedure, one may fruitfully compute
the estimated values in an automated fashion, by
discounting subsequent cash flows at the cost of
capital. In this way, the values obtained are the
values implicitly determined by the cost of capital.
However approximate they may be, they will, in
the large majority of cases, turn out to be more
accurate than the ones implicitly determined by
the IRR.

When computing rates of return ex post (i.e., for
performance reporting purposes), to the extent
that users are already producing interim values for
the purpose of calculating TWRs of return or for
reporting values to clients, needing to use these
better values for AIRR is no burden whatsoever.
Indeed, it could be inferred that the use of the IRR
is equivalent to producing a second set of values
that disturbingly contradict the best estimates
that are being used for TWRs, assuming that
TWRs are being calculated.® If no such periodic es-
timates have been made, the user can easily esti-
mate interim values by discounting subsequent
cash flows at the cost of capital.

Fortunately, the AIRR metric has none of the prob-
lems of the IRR: it always exists, is unique, as well
as consistent with NPV analysis [see Magni (2010,
2011) for details]. The AIRR itself is easy to pro-
gram. In fact, if we did not have powerful comput-
ers with “canned” functions, it would be far easier
to compute AIRR than it would be to iteratively
solve for the IRR.°

Rather than using the IRR, which employs an ar-
bitrary estimation of interim values, the investor
now has the choice of either explicitly estimating
the interim values or using the cost of capital’s im-
plied interim values, in order to obtain a more re-
liable rate of return. That rate of return is the
AIRR.
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Appendix 1

Boulding (1935) seems to have been the first per-
son to formally create the notion of the IRR. His
discussion starts with the notion of capital: capital
is periodically invested in a project and generates
a rate of return equal to i. The author assumes
that the rate is constant per-period and also notes
that it reflects an “internal” valuation. He then
states that, during each period, the capital grows
at this fixed (internal) rate and, at the end of the
period, that amount is diminished (or augmented)
by the cash flow that is distributed to (or contrib-
uted by) the investor, likening it to a bank account
whose balance changes each period as additional
monies are deposited or withdrawn. Algebraically,
each such current value of capital C, is related to
the prior value C,_; and the current end of period
cash flow CF,, as follows:

C,=Cy,1+1) — CF, (A1)
C,=C(1 +1i) — CF, (A.2)

and so on, until the terminal capital value:
CT = CT—I(l + l) - CFT (A3)

is obtained. However, the terminal capital is zero,
or, to put it equivalently, the value of the project,
after it has been liquidated, is zero. So, C = 0.
Using (A.1)—(A.3) and noticing that the initial cap-
ital invested is C, = —CF,, one obtains:

C;=CF(1+ D"+ CF,(1 + DT+ CF,(1 + )72
+---+ CF, =0,

which becomes:

Az ot T T arin
CFr
t =0 (A4)

Operationally, once (A.4) is solved for 7, the interim
capitals are automatically determined by (A.1)-
(A.3). Hence, the IRR equation does not merely
provide a rate of return, but also a companion im-
plied sequence of interim capital (C,, C;, ... ,
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C,_,). It is also worthwhile noting that, owing to
the condition C, = 0, (A.3) becomes:

_ CFy
Cra=77 i
o _Cra+CFpy_ CFp, CF,

e 1+ i) (1+3) (14072

Co . — Cr o+ CFry CFry CFp,y

s 1+ i) (1+3) (14072

CF,
1+ )3
and, in general,

c - Cin + CF,, _ CF,, CFy

¢ (1 +1) 1+ 1+

which is just equation (5). Evidently, C, has noth-
ing to do with market values, for it depends on the
IRR. The IRR in turn depends on all cash flows,
even the past ones. So, C, depends on the past cash
flows, whereas market value only depends on
expectations.

Appendix 2

Scenario 1

For purposes of illustration, consider a hypotheti-
cal development project where an ongoing influx of
capital is required up until the date when it is com-
pleted, at which point it is subsequently sold. For
simplicity, assume annual cash flows such as are
indicated in column A of Exhibit 2A. The IRR of
these cash flows is 20%. Column B denotes the im-
plied sequence of interim project values that the
20% is a rate of return ‘on,” according to the IRR
as indicated by the approach used by Boulding
(1935).1° In essence, this ‘constant force’ IRR ap-
proach assumes enough appreciation is earned so
that the same 20% rate of return is generated each
year, after accounting for the impact of the addi-
tional contribution.

Suppose, however, that reality is such that the
project’s valuation increases more evenly over
time. For sake of simplicity, as more capital is in-
vested, suppose that the actual property values ap-
preciate from the initial $100 to the final $1254.91!

at a constant growth rate'? as shown in Exhibit 2A,
column C. Clearly, these values are much lower
than the ones in column B, suggesting that the
rate of return on such a lower base, will surely be
higher. And, indeed, using the AIRR method, as-
suming a cost of capital of 8%, we find that the
correct rate of return is about 22.7%, rather than
20.0%. The algorithm necessary to produce the
AIRR can be ascertained by referring to the Col-
umn Indicator row in Exhibit 2A.

It is worth noting that, using the shortcut de-
scribed in equation (4), the computations in col-
umns D to H in Exhibit 2A are not even needed,
and the answer is given simply as follows:

NPV of cash flows X (1 + 8%)
NPV of investment values

290.67 X (1 + 8%)
2138.4

AIRR = 8% +

= 8% + = 22.68%.

Scenario 2

Next, consider a hypothetical operating asset with
fluctuating cash flows from one year to the next,
perhaps due to expiring tenancies that leave space
temporarily vacant before getting filled. Suppose
the cash flows are as indicated in the column A of
Exhibit 2B. It can easily be shown that the IRR of
these cash flows is 20%. Column B denotes the im-
plied sequence of interim project values that the
20% is a rate of return ‘on,” according to the IRR
as indicated by the constant force IRR approach
used by Boulding (1935). As one can readily ob-
serve from the periodic changes in column B,
whenever there is a large distribution in column
A, the IRR implicitly assumes that the value of the
remaining asset either grows very little or even de-
creases. Alternatively, whenever there is a small,
or no, distribution, the IRR assumes that the value
of the remaining asset grows substantially. In es-
sence, the IRR assumes that the same rate of re-
turn is earned each period with some of it coming
in the form of a distribution, and the rest, if any,
coming in the form of an increase in the remaining
value of the underlying asset.

Suppose, however, that reality is such that the var-
iation in annual distributions is due to operating
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cash flow changes that merely reflect temporary
vacancies in the property (or capital improvement
expenditures); and that these short-term varia-
tions do not markedly affect the overall value of
the property. For example, the value of the prop-
erty might increase rather evenly over time, simi-
lar to what one might expect if it were valued with
a net present value methodology over, say, the next
ten year holding period. Basically, we are assum-
ing that the property has some low rate of return
years and some high rate of return years, as a re-
sult of large real-world variations in operating
cash flow. For simplicity, suppose the actual prop-
erty values appreciate from the initial $100 to the
final $176.4,'® again with a constant rate of growth
pattern, as illustrated in column C of Exhibit 2B.
Clearly, these values are much different than the
ones in column B and are virtually always higher,
suggesting that the rate of return on such a higher
base, will surely be less. And, indeed, using the
AIRR method, assuming a cost of capital of 8%,

we find that the correct rate of return is about
19.25%, rather than 20%. The algorithm necessary
to produce the AIRR can be ascertained by refer-
ring to the “Column Indicator” row in Exhibit 2
below.

Using the shortcut, one immediately gets the same
answer:

NPV of cash flows X (1 + 8%)
NPV of investment values

81.59 X (1 + 8%)
783.3

AIRR = 8% +

= 8% + = 19.25%

Admittedly, this second example is a bit extreme
and no doubt concocted, but there is little doubt
that operating cash flow can vary significantly
from year to year, especially if the cash flow being
analyzed is net of debt, and for a variety of reasons
that do not have a marked effect on market value.

Exhibit 2A
Comparison of IRR and AIRR Values and Breakdown of AIRR Methodology

IRR Approach

AIRR Approach—Constant Appreciation Rate = 37.2%

Interim PV of
Values Actual Period Beginning Product of
Implied Market-based Period Total Period Rate Market Two Prior
Year Cashflows by IRR Values® Appreciation Income of Return Value Columns
—$100.0 $100.0 $100.0
1 —$50.0 $170.0 $137.2 $37.2 -$12.8 —12.8% $100.0 -$12.8
2 —$50.0 $254.0 $188.2 $51.0 $1.0 0.7% $127.0 $0.9
3 —$50.0 $354.8 $258.2 $70.0 $20.0 10.6% $161.4 $17.1
4 —$50.0 $475.8 $354.3 $96.0 $46.0 17.8% $205.0 $36.5
5 —$50.0 $620.9 $486.0 $131.8 $81.8 23.1% $260.4 $60.1
6 —$50.0 $795.1 $666.8 $180.8 $130.8 26.9% $330.8 $89.0
7 —$50.0 $1,004.1 $914.7 $248.0 $198.0 29.7% $420.2 $124.8
8 $1,204.9 $0.0 $0.0 -$914.7 $290.2 31.7% $533.7 $169.3
Total NPV@8% = NPV@8% = NPV@8% = $754.9 $2,138.4 $485.0
$290.67 $2,616 $2,138.4
Column A B C D=C- E=A+D F = E/Prior C G =PV H=F*G
Indicator Prior C (Prior C)
IRR = 20.00% AIRR = Col H Total/Col G Total = 22.68%

Note: This table uses cashflows based on a hypothetical development project.

aAssuming constant appreciation rate.
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Exhibit 2B
Comparison of IRR and AIRR Values and AIRR Methodology

IRR Approach AIRR Approach—Constant Appreciation Rate = 7.3%

Interim PV of
Values Actual Period Beginning Product of
Implied Market-based Period Total Period Rate Market Two Prior
Year Cashflows by IRR Values® Appreciation Income of Return Value Columns
—$100.0 $100.0 $100.0
1 $25.0 $95.0 $107.3 $7.3 $32.3 32.3% $100.0 $32.3
2 $0.0 $114.0 $115.2 $7.9 $7.9 7.3% $99.4 $7.3
3 $28.0 $108.8 $123.7 $8.5 $36.5 31.6% $98.8 $31.3
4 $0.0 $130.6 $132.8 $9.1 $9.1 7.3% $98.2 $7.2
5 $31.0 $125.7 $142.6 $9.8 $40.8 30.7% $97.6 $30.0
6 $0.0 $150.8 $153.0 $10.5 $10.5 7.3% $97.0 $7.1
7 $34.0 $147.0 $164.3 $11.2 $45.2 29.6% $96.4 $28.5
8 $176.4 $0.0 $0.0 —$164.3 $12.1 7.3% $95.9 §7.0
Total NPV@8% = NPV@8% = NPV@8% = $194.4 $783.3 $150.8
$81.59 $734.4 $783.3
Column A B C D=C- E=A+D F = E/Prior C G =PV H=F*G
Indicator Prior C (Prior C)
IRR = 20.00% AIRR = Col H Total/Col G Total = 19.25%

Note: This table uses cashflows based on a hypothetical operating asset.

aAssuming constant appreciation rate.

Endnotes

1. Actually, the metric they deal with is but a version of the

well-known Modified Internal Rate of Return (Lin, 1976;
Shull, 1993).

. Multiple IRR solutions can wreak havoc with incentive fee

schemes although, if one uses a “preferred return formu-
lation” as discussed in Altshuler and Schneiderman (2011),
the incentive fee problems can be circumvented.

.Since IRR is merely the interest rate solution to a dis-

counted cash flow equation, it is easy to forget that, in most
cases, it is also being interpreted as a rate of return. In-
deed, it seems that most users of IRR are unaware of what
IRR is a rate of return on, some thinking it is a rate of
return on the initial contribution, others thinking it is a
rate of return on all contributions, still others thinking it
is a rate of return on all contributions net of distributions.
None of these is quite right.

. Fisher’s (1930) earlier ‘rate of return over cost’ can also be

considered an internal rate of return, associated with an
incremental investment alternative [see Alchian (1955) for
the conceptual relationship between the two metrics].

. The distracting (1 + COC) factor in (4) and (4a) is neces-

sary only to align the two NPVs, so that the numerator’s
‘income’ is one period ahead of the denominator’s ‘invest-
ment,” as one expects when computing a rate of return. Al-
ternatively, this factor can be eliminated as long as the
point is made that the numerator NPV is then measured
as of the beginning of period one, whereas the denominator
NPV is measured as of the beginning of period zero.

6. If the desired cash flow periodicity is more frequent than

the valuation frequency, then the IRR can still play a role.
Specifically, if a TWR procedure produced quarterly valu-
ations, but the desired cash flow periodicity were to be
daily, then AIRR would require daily valuations. The best
interpolated values on those days between each quarter’s
beginning and end would be those implied by an IRR for
that single quarter, i.e., assuming a constructive purchase
at the beginning of the quarter and a constructive sale at
the end of the quarter.

.Such a procedure, using a pre-specified cost of capital,

would eliminate any gaming of the AIRR in those occa-
sional instances where a manager is asked to produce a
track record retrospectively, using periodic values that
were never estimated as the quarters passed.

. Although it is often noted that dollar-weighted and time-

weighted returns are different, in truth, their differences
are meant to merely reflect the assumed lack of control, in
the case of TWR, of the manager over interim contributions
and distributions. The intention is that they should be
identical in every other respect, especially with regard to
interim project valuations. Differing interim project values
represent an unintended consequence of using IRR as the
dollar-weighted metric.

.IRR and XIRR are solved only by trial and error, and not

always easily, as evidenced by the fact that, sometimes, in-
itial guesses need to be ‘spot on’ for software systems to
find a solution, assuming one exists; and hopefully, it is the
only one, something that spreadsheet software systems, for
example, do not tell the user.
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10. As seen in the Appendix 1, these values are exactly the
NPV of the future cash flows, discounted at the 20% IRR
rate.

11. The final value is set equal to the final cash flow plus an
add-back of an additional $50 M contribution assumed to
be made in that period, just prior to sale.

12. A constant rate of appreciation in the interim values is as-
sumed simply to concoct a scenario that a reader can easily
recreate, aware that the exhibit’s values are rounded off.
The use of such an assumption does not, in any way, intend
to suggest that interim values actually grow at a constant
rate; indeed, they never really do.

13. The final value is set equal to the final cash flow under the
alternating year assumption that the final year’s operating
cash flow is due to be zero again.
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